We find membrane configurations in AdS 4 × S 7 , which correspond to the continuous limit of the SU(2) integrable spin chain, considered as a limit of the SU(3) spin chain, arising in N = 4 SYM in four dimensions, dual to strings in AdS 5 ×S 5 . We also discuss the relationship with the Neumann-Rosochatius integrable system at the level of Lagrangians, comparing the string and membrane cases.
Introduction
One of the predictions of AdS/CFT duality is that the string theory on AdS 5 × S 5 should be dual to N = 4 SYM theory in four dimensions [1] , [2] , [3] . The spectrum of the string states and of the operators in SYM should be the same. The first checks of this conjecture beyond the supergravity approximation revealed that there exist string configurations, which in the semiclassical limit are related to the anomalous dimensions of certain gauge invariant operators in the planar SYM [4] , [5] . On the field theory side, it was found that the corresponding dilatation operator is connected to the Hamiltonian of integrable Heisenberg spin chain [6] . On the other hand, it was established in [7] that there is agreement at the level of actions between the continuous limit of the SU(2) spin chain arising in N = 4 SYM theory and a certain limit of the string action in AdS 5 × S 5 background. Shortly after, it was shown that such equivalence also holds for the SU(3) and SL(2) cases [8] , [9] 2 . Information about the latest developments on the subject can be found for example in [20] and references therein.
Here, we are interested in answering the question: is it possible to reproduce this type of string/spin chain correspondence from M-theory? It turns out that the answer is positive at least for the case of M2-branes on AdS 4 × S 7 background, as we will show later on. More precisely, we will find that the action for the continuous limit of SU (2) integrable spin chain, considered as a certain limit of the SU(3) chain, can be obtained from particular membrane configurations.
The plan of the paper is as follows. In section 2, we reconsider the SU(3) → SU(2) string case in diagonal worldsheet gauge. Section 3 is devoted to membranes on AdS 4 ×S 7 . In section 4, we discuss the relationship with the Neumann-Rosochatius integrable system at the level of Lagrangians, comparing the string and membrane cases.
Strings on AdS
It is known that the ferromagnetic integrable SU(3) spin chain provides the one-loop anomalous dimension of single trace operators involving the three complex scalars of N = 4 SYM. The nonlinear sigma-model, describing the continuum limit of the SU(3) spin chain, corresponds to strings moving with large angular momentum on the five-sphere in AdS 5 × S 5 [8] . In order to have more close analogy with the membrane case considered in the next section, we will reproduce the relevant string action in the framework of diagonal worldsheet gauge. In this gauge, the Polyakov action and constraints are given by
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where
is the induced metric and λ 0 is Lagrange multiplier. The commonly used conformal gauge corresponds to 2λ 0 T = 1. We choose to embed the string in AdS 5 × S 5 as follows
, η rs r r r s + 1 = 0, η rs = (−1, 1, 1),
where φ s and ϕ i are the isometric coordinates on which the metric of AdS 5 and S
5
respectively does not depend. The embedding coordinates Z s , W i are related to the ones in (2.4) by the equalities (φ 0 = t is the time coordinate on AdS 5 )
For the embedding (2.5), the induced metric takes the form
where (...) on the first line means symmetrization. The expression (2.6) for G mn must be used in (2.1), (2.2) and (2.3). Correspondingly, the string Lagrangian will be
where Λ A and Λ S are Lagrange multipliers.
Here, we are interested in the following particular case of the string embedding (2.5)
which implies
For this ansatz, G mn reduces to
We now introduce new coordinates according to the rule
and take the limit κ → ∞, ∂ 0 → 0, κ∂ 0 -finite. The result is
In order to eliminate ∂ 1 α, we use the constraint G 01 = 0 and obtain the following two alternative expressions for the string action after introducing the variable t = κτ
The momentum P α conjugated to α should be identified with the total angular momentum of the string J
Then the coefficients in the action become
where we have used the relation T R 2 = √ λ/2π between the string tension T and the 't Hooft coupling λ.
If we parameterize the two-sphere in the following way r 1 = cos ψ cos θ, r 2 = sin ψ cos θ, r 3 = sin θ,
This is the string action corresponding to the thermodynamic limit of SU (3) spin chain after the identification J ≡ L is made, where L is the length of the chain [8] .
The particular case of SU(2) spin chain corresponds to r 3 = 0 in (2.8) or θ = 0 in (2.9). In order to make connection with the membrane case, let us fix r 2 3 = ε 2 and take the limit ε 2 → 0 in (2.8). Neglecting the higher order terms, one obtains
According to the constraint in the above action, the coordinates r 1 , r 2 must lie on a circle with radius (1 − ε 2 ) 1/2 . To satisfy this constraint identically, we choose
and receive
where the new variableα has been introduced through the equality
Obviously, the right hand side of (2.11) coincides with the string action corresponding to the thermodynamic limit of the SU(2) spin chain action.
Membranes on AdS 4 × S 7
Turning to the membrane case, let us first write down the gauge fixed membrane action and constraints in diagonal worldvolume gauge, we are going to work with:
They coincide with the frequently used gauge fixed Polyakov type action and constraints after the identification 2λ 0 T 2 = L = const, where λ 0 is Lagrange multiplier and T 2 is the membrane tension. In (3.1)-(3.3), the fields induced on the membrane worldvolume G mn and C 012 are given by
where g M N and c M N P are the components of the target space metric and 3-form gauge field respectively. Searching for membrane configurations in AdS 4 × S 7 dual to integrable spin chains, we should first eliminate the membrane interaction with the background 3-form field on AdS 4 , to ensure more close analogy with the strings on AdS 5 × S 5 . To make our choice, let us write down the background. It can be parameterized as follows
Since we want the membrane to have nonzero conserved energy and spin on AdS, the choice for which the interaction with the c (3) field disappears is 4 :
The metric of the corresponding subspace of AdS 4 is
Hence, the appropriate membrane embedding into (3.5) and S 7 , analogous to the string embedding in AdS 5 × S 5 , is
For this embedding, the induced metric is given by
We will use the expression (3.7) for G mn in (3.1), (3.2) and (3.3). Correspondingly, the membrane Lagrangian becomes
In this paper, we are interested in the following particular case of the membrane embedding (3.6)
For this ansatz, the metric induced on the membrane worldvolume simplifies to 9) and the membrane Lagrangian is given by
Let us now introduce new coordinates by setting
Then, the induced metric (3.9) takes the form
(∂ m α∂ nφ + ∂ n α∂ mφ . Our next step is to take the limit κ → ∞, ∂ 0 → 0, κ∂ 0 -finite. In this limit, G 00 and G 0i simplify to
∂ iφ , while G ij do not change. With the aim to take into account the constraints G 0i = 0 and to eliminate simultaneously ∂ i α from the membrane Lagrangian, we replace
∂ iφ into det G ij and obtain for (3.10) the following expression
For simplifying reason, we introduced in (3.11) the notations (µ 1 , µ 2 , µ 3 ) = (r Now, we are ready to face our main problem: how to reduce the membrane Lagrangian (3.11) to the one corresponding to the thermodynamic limit of spin chain, without shrinking the membrane to string? We propose the following solution of this task:
The restrictions (3.12) lead to
The above membrane Lagrangian is fully analogous to the string Lagrangian in (2.10), obtained after fixing r 2 3 to ε 2 → 0. Proceeding as in the string case, we introduce the parametrization
the new variableα
and take the limit a 2 → 0. Thus, we receive
which should be compared with (2.11). As for the membrane action corresponding to the above Lagrangian, it can be represented in the form
where J is the angular momentum conjugated toα, t = κτ and
Obviously, the action (3.15) corresponds to the thermodynamic limit of SU(2) integrable spin chain.
Relationship with the Neumann-Rosochatius integrable system
Here, we are going to discuss the connection between the thermodynamical limits of the integrable spin chains, viewed as arising from strings on AdS 5 × S 5 and membranes on AdS 4 ×S 7 , and the Neumann-Rosochatius integrable system [21, 22, 23] , related to specific configurations of strings [24, 25, 26, 27] and membranes [28] .
The string case
It is known that large class of classical string solutions in the type IIB AdS 5 × S 5 background is related to the Neumann and Neumann-Rosochatius integrable systems. It was found in [27] that, working in conformal gauge, the spiky strings [29, 30, 31, 32, 33] and giant magnons [34] - [54] , [33] can be also accommodated by a version of the NeumannRosochatius system. The appropriate string embedding of the type (2.5) is
i.e.
Correspondingly, the induced metric takes the form
On the Neumann-Rosochatius ansatz (4.1), the string Lagrangian is given by
5 As in section 2, we will use diagonal worldsheet gauge.
After integrating the equations of motion for f i once and replacing back the solution into (4.2), one arrives at
where C i are arbitrary integration constants. Following [27] , we change the overall sign, the signs of the terms ∼ C 2 i , discard the constant term ∼ κ 2 , and obtain
which is Lagrangian for the Neumann-Rosochatius integrable system. Now, with the aim of comparison with the thermodynamic limit of the SU(3) spin chain, let us set
in (4.2) and in the constraint G 01 = 0. The result is
The next step is to take the limit
in which L * reduces to
Now, we turn to the case of string configurations corresponding to the thermodynamic limit of the SU(3) integrable spin chain, and consider the particular case when all variables (α, ϕ, φ, r i ) depend only on ξ = ασ + βτ . Then, L SC in (2.8) coincides with L lim . Let us point out that the constraint G 01 = 0 now reads
The membrane case
The most general membrane embedding in AdS 4 ×S 7 leading to the Neumann-Rosochatius integrable system is [28] 
The above ansatz reduces the membrane Lagrangian L in (3.8) to
As shown in [28] , L M * corresponds to the following Neumann-Rosochatius type Lagrangian
Turning to comparison with the thermodynamic limit of the SU(2) spin chain, we set in (4.4) 
Now, we turn to the case of membrane configurations corresponding to the thermodynamic limit of the SU(2) integrable spin chain. Let us suppose that all variables (α, ϕ, ψ) depend on (τ, σ 1 ) through the linear combination ξ = ασ 1 + βτ only. Then, L in (3.14) coincides with L M lim in (4.6) for γ = 1.
Note added: While writing this paper, we learn about the work [55] on the same subject.
